
Mathematics Magazine Problem 1456 (October 1994)

Show that the only sequence of numbers (ad that satisfies the conditions

(i) ai>O foralli2:1, and

(ii)
ia, + 1

ai-'l = ---. for all i > 0,
ai +Z

is the sequence ai = 1 for all i.

Solution. The two conditions imply that i 2: 0, while (ii) forces aD = 1. Solving (ii) for ai leads to

ai(ai-1 - i) = 1- iai-1, and then

1- iai-1
ai=

ai-1 - i
if ai-1 # i.

If ai-1 = i, then 1 - iai-1 = ° by (1), so i2 = 1 and i = 1, showing that (2) holds for all i > 1.

Consider the family of functions

fr(x) = 1- rx for fixed real r >'0.
x-r

(2) implies that

Direct calculation reveals that composing these functions results in a function of the same kind, with

(Jr 0 fs)(x) = fq(x),
1+ rs

where q = --.
. r+s

1

(1)

(2)



Therefore there are constants r, such that

clef 1- T'jXFj(x) = (Ii 0 Ij-1 0 ... 0 h)(x) = -- for i ~ 2.x - T'j

Putting T' = i + 1 and S = T'j in the composition formula gives

1+(i+1)T',1+T'j+i+(iT'j-i) . T',-1T'j+1 = = = 1+ Z. .,-----:
i + 1+ T'j 1+ T'j + i 1+ rt + i

Since T'2 = 2, this proves that T'j > 1 for all i ~ 2, and therefore that
. .Z Z

T"+1 - 1 = . (T" - 1) < -- . (T" - 1).
, . 1+ T'j + i' i+ 2 '

Unfolding this expression leads to

n(i) 3.2
T'n+1 - 1 < (T'2 - 1) .II i + 2 = (n + 2) . (n + 1)' for n ~ 3,

the equality due to cancellation of all but two of the numerators and two of the denominators. It follows
that T'n --> 1 as n --> 00. The first few values of this sequence are

7 11 8 11 29
(T'j) = (2, 5' 9' 7' 10' 27' ... ), for i > 2.

Now fix x = (t1> O. Then by the original condition (i),

1 - T'jX
(ti= Fj(x)= >0 fori>2.

x - T'i

This forces
1- < x < T'i for i > 2.
r,

It follows that x = (t1= 1 and also that (tj = Fj(l) = 1 for all i > 1. -

•


